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With these substitutions, we get

u—v
u+v’

r=2uv -

2uv
U+ v

b= (u? +v?) (z

[(u—v)cosd + (u+wv)sinb];

—v
)(;089;
v

[(u—v)cosf — (u+v)sinb;

2uv
U+ v
_ 2uv u—v
T w2402 u+4w

y = 2uv (u) cos 0;
u+v

v u—v
z=——" ——(u?sinf + 2uvcosh — v?sinh).
u2+v2 u+v

(v? sin @ + 2uw cos @ — u? sin );

With these values of a,b, ¢, z,y, z, we get

at+c duv A

b w2402y

whence the result follows.

4236. Proposed by Nguyen Viet Hung.

. (k2 +2)
J;H;o( Z k4+4>

We received 15 solutions. We present 4 solutions.

Evaluate

Solution 1, by Henry Ricardo.

Using Bernoulli’s inequality, we have
k2 4 2)2 A 4k? 4k 4
1< ¢ (— = 1 <14 —— 1+ —.
= V K14 ¢'%m+4— T St e

(k2 4 2)2 41 (1)
1+ 25— =1 -
_nz kA 44 < +nzk3 + 0 n/’

k=1

Thus

and the desired limit is 1 as n — oo.
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Solution 2, by Arkady Alt.
First note that

(K +2)° of (K2 +2)°
—>1 —>1
G R I
where £ € IN. By Bernoulli Inequality,
k(k2+2)2_<1 4k )1/’“< LA 1 %
kt+4 Kkt +4 Ki+a kT kA4’
where k£ € IN.
Thus, for any natural k¥ we have the double inequality
o)’ Cq. M
k*4+4 — k*+4
and therefore
zn: k k‘2 + 2) zn:
— k* 44
Noting that
4k . 4k
Kt +4 (B2 —2k+2) (k2 +2k+2)
B 1 B 1
O Ok2-2k+2 k24242
B 1 B 1
(k—1°+1 (k+1)°+1
- bk - bk’+17
1 1
where by, 1= we obtain

(k—1)2+1 k2 +1°

n 4k n 3 1 1
k_1k4—+4—;(bk_bk+l)—b1_b"+1_§_<n2+1+(n—|—1)2—|—1>'
_ LI !
241" m+1)?24+1)°

1 o (B2 +2)° 1(3 1 1
1< - We) gy (2- .
nz_:l k44 +n 2 712+1+(n+1)2+1

k=

Since
(k> + 2)

; k*+4

+
N | o

then
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By the Squeeze Theoremm,

Solution 3, by Leonard Giugiuc.

(k2 +2
Let x,, = Z + ) and y, = n for all n > 1. By the Stolz-Cesaro Theorem,

ki
k2+2 - ' — Tpe n n2+22
lim —Z ) = lim In _ lim In ZTn1 lim u
noee K4 | ooy, mosoy,—yu1 noee | ont4d
9 2
n°+2
Since 1 < (4—) < 2, by the Squeeze Theorem, we get
nt 44
9 2
nl (n° 4+ 2)
TR ) MY
Jim {5

Solution 4, by Michel Bataille.

2 1/n
For each positive integer n, let u,, = (“:lfji) ) . We show that the required
limit, that is,
uptug+---tuy

lim
n—oo n
is 1. ,
Since lim n4++4 =0, we have, as n — oo,
n— oo
1 4n? 1 4n? 4
In(un) = ~1 (1 —)~——~—~
n(un) " +n4+4 n nt+4 n3

It clearly follows that lim In(u,) = 0 and so lim w, = 1. The Cesaro mean of
n—oo n—oo

the sequence (u,) has the same limit, which means that

. up +ug + -+ up
lim =1,

n—00 n

as claimed.
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